This paper presents an investigation of the torsional vibration mode of the vehicular clutch system, referred to as judder. This phenomenon takes place during the clutch engagement process on light trucks with Diesel engines. A nonlinear multi-body dynamic model of the clutch mechanism is presented in order to study the eect of various clutch systems and driveline components on its vibration performance. The parameters include geometrical, physical, inertial and force data of the clutch system of vehicles. The paper demonstrates that propensity to judder is related to the various friction lining materials' characteristics. Ó
Introduction
Clutch take-up judder is a fore and aft vibration of a vehicle in the frequency range 5±20 Hz, caused by the torsional vibrations of the driveline which occur during the clutch engagement process, usually in the start-up process [1±4]. This phenomenon is distinct from the torsional vibration of the drivetrain system during throttle tip-in from coast to drive condition or during throttle tip-out from drive to coast condition, which signi®es the lowest rigid body motion of the entire system. For the shue phenomenon, readers are referred to Refs. [5±7] .
Judder is essentially regarded to be in¯uenced by frictional characteristics of the clutch system. It is also related to the inertia of the driveline and to the variation of the coecient of friction l of the friction disc linings with slip speed. The severity of clutch judder phenomenon is in¯uenced by the way the vehicle is driven.
In recent years research eort on power train systems has been mostly concentrated upon driveline vibrations. Clutch vibrations have been studied to a much lesser extent. Torsional vibrations of the clutch system, leading to judder are induced by stick-slip at the clutch friction disc to¯ywheel and pressure plate interfacial contacts.
Stick-slip is present to a varying degree in almost all actuators and mechanisms with frictional contact, often leading to self-excited vibration. Karnopp [8] has presented a method for www representing and simulating stick-slip friction eects. He has analysed dierent friction models in the stick-slip region, presented as the variation of the friction force F f with the relative interfacial contact velocity v. In the model presented by Karnopp (see Fig. 1(a) ), it is dicult to linearise the dry friction law in the vicinity of v 0 (i.e., the stiction region). Furthermore, the numerical integration in the region where v 0 is impossible to achieve due to the vertical step function characteristic.
The model presented in Fig. 1(b) resolves the integration diculties encountered in the original model (see Fig. 1(a) ). In the stiction region the friction force becomes unique. The slope de®ned within the stick region introduces a``stiness'' which occurs after the engagement process in the case of the clutch system. In a judder study one need not consider this eect.
Haessig and Friedland [9] have presented two new models for the stick-slip friction; the bristle model and the reset integrator model. The bristle model represents friction as the interaction of many bristles. It achieves a high degree of accuracy through an attempt to present the microscopic physical process of contacting surfaces which can cause stick-slip friction. However, the model is numerically inecient. The reset integrator model has been developed to reduce the computation [9] and by the Karnopp stick-slip friction model [8] are used in de®ning the friction torque. Jarvis and Mills [10] have studied the vibrations induced by dry friction. They used an apparatus, comprising a disc and a cantilever. Using Lagrange's equations, they developed a mathematical theory for the oscillation of the system. By means of numerical analysis, they showed theoretically that variation of the coecient of friction with the relative velocity is insucient to cause vibrations, and that the instability is due to the manner in which the motions of the components take place. The relationship between the coecient of friction and the relative velocity has been studied extensively by Armstrong-H elouvry [11] . He has proposed dierent friction models; a combined kinetic and viscous friction model, a combined static, kinetic and viscous friction model, and a negative combined kineto-viscous friction model which includes the Stribeck eect. The models are mainly applied to the motions of machines, where stick-slip phenomenon is particularly important.
Kani et al. [12] have proposed that judder is signi®cantly related to the l±v characteristic (where l is the coecient of friction and v is the slip speed) of an interface friction material. For a constant clamp load they have shown that the dMadn (where M is the torque and n is the relative revolution speed) is directly proportional to dladv. They have found, using an experimental tester, that the dladv has a negative gradient when judder occurs and that the value of dladv depends on the type and the amount of ®lm formed on the friction surface. They concluded that better characteristics can be obtained when a greater amount of superior quality carbon is included.
Maucher [13] has also studied the basic principles governing vibrations that occur in the clutch due to frictional behaviour of the clutch facing; the driveline damping, the clamp load, the mass moment of inertia and the torsional spring rate of the drivetrain. He concluded that frictional vibrations occur in the presence of low drivetrain damping values and a negative gradient of the friction coecient, while the clamp load has a smaller eect. However, for reasons of comfort and functional integrity of the clutch actuation system, the damping of the drivetrain cannot be increased signi®cantly. Therefore, one way of reducing frictional vibrations in the clutch is to select a friction material with a good friction coecient characteristic with slip speed. Drexl [1] has devised a simpli®ed linear driveline torsional model to study the judder problem on a newly developed vehicle. His model included the inertial properties of the driveline components, from¯ywheel to the rear road wheels, including the vehicle body inertia. He found that when judder occurs, the model's lowest natural frequency was excited. His simulation results show that a negative value for the variation of coecient of friction with slip speed excites the selfexcited oscillations, while a positive gradient of coecient of friction versus slip speed (or differential speed) produces a dampening eect upon vibration response. His results can provide information for a clutch to be designed with regard to minimisation of judder, but cannot guarantee that the judder-related problems can be eliminated.
The torsional vibrations of the clutch were also studied by Newcomb and Spurr [2] . They stated that although most of the published works show that judder has been generally attributed to a particular type of variation of coecient of friction with slip speed, that this is not a necessary condition for judder to occur.
A mathematical model, including torsional vibrations of the driveline, vehicle body fore-aft vibrations and vertical vibrations is developed by Rabeih and Crolla [3] in order to investigate the vibration behaviour of the system for steady and transient running conditions. They found that the vehicle may be subjected to instability in the fore-aft and driveline system torsional motions for certain values of the system parameters due to self excitation force induced by tyre-road contact and friction during clutch engagement. They concluded that high values of system damping tends to discourage self-excited vibrations, and that decreasing the gradient of friction causes system instability and also decreasing the axle stiness has a signi®cant eect on the reduction of vibration levels of the driveline system. Similar conclusions are presented by the same authors in Ref. [14] , where the clutch judder and shunt phenomena are discussed. Furthermore, they considered that it should be possible to control the torsional vibrations instability during the engagement period, using some kind of intelligent control system, linked to sensing information related to the system and taking control to modify the response into a subjectively acceptable form.
Centea et al. [4] have developed a non-linear model for a cable operated clutch system to include all assembly constraints and non-linear stiness and damping characteristics of the system. This multi-body model includes the driveline and the vehicle body inertial components. It also incorporates the non-linear clutch clamp load characteristics through the engagement process as well as an interfacial stick-slip model, one that has been lacking in previous linearised models. They showed that propensity to judder is enhanced by a combination of effects; the l±v characteristics and an apparent loss of clamp load, a by-product of manufacturing and assembly tolerances and/or driver clutch eort through an inappropriate actuation speed. This paper details the mathematical approach undertaken in Ref. [4] and extends its ®ndings by employing experimentally obtained l±v interfacial characteristics in the model.
Torsional vibrations of the clutch
The vibrations induced by an internal combustion engine are transmitted to the passenger compartment through the engine mounts and through the driveline. The clutch system, being mounted between the¯ywheel and the gearbox, in¯uences the driveline vibrations and ®nally the vibrations and noise perceived by the driver.
The combustion process in engine cylinders induces a torsional¯uctuation of the rotational speed of the crankshaft as well as bending of the shaft, which produces axial¯oating of the ¯ywheel. The large inertia of the¯ywheel guards against the high frequency axial, radial and torsional vibrations of the engine.
The energy necessary for the motion of a vehicle is transmitted by the engine to the wheels through the¯ywheel, the clutch system and the driveline. The clutch takes the energy from the¯ywheel and transmits it to the driveline. During the engagement process, the friction torque acts upon the friction surfaces of the clutch as an engaging force for the driveline. A part of the energy transmitted through the driveline is transformed into other forms of energy by positive damping eects. If for some reasons the damping becomes negative, a part of the energy transmitted by the clutch can induce self-excited torsional vibrations of the driveline which can induce judder.
Centea et al. [4] have shown that if the gradient of the coecient of friction with the slip speed is negative, the damping of the driveline can be positive or negative. If
Then the damping is positive and the system is stable.
then the damping coecient of the driveline becomes negative and the vibration system becomes unstable. The system will exhibit self-excited vibrations at its lowest mode, leading to judder. The results obtained experimentally in Refs. [1, 12, 13] corroborate these ®ndings that for the negative values of the gradient of the coecient of friction with slip speed the vehicle is more prone to judder.
Description of the clutch type
The clutch studied is a light truck clutch mounted in the gearbox bell housing between thē ywheel and the input shaft , as shown in Fig. 2 .
The main parts of this clutch, used for studying the judder phenomenon are situated between the¯ywheel and the diaphragm spring and are presented in Fig. 2 . The pressure plate is mounted by the clutch manufacturer to the clutch cover with straps . These straps keep the plate and the cover rotating with the same speed and also, through their elasticity in the longitudinal direction of the clutch, permit an axial displacement of the pressure plate against the cover. The friction disc is free to¯oat between the¯ywheel and the pressure plate through a hub spline-jointed to the input shaft of the gearbox. The friction disc is pressed between the pressure plate and the¯ywheel by the clamp force F n , provided by the diaphragm spring . The clutch engagement is obtained through the application of the clamp force, provided by the diaphragm spring when the clutch is mounted onto the¯ywheel.
In the disengagement process, the force applied by the driver to the pedal is transmitted through the pedal quadrant to one end of the cable. The other end of the cable is mounted through a spherical type joint to the release lever . The motion of the cable is transferred to the release lever, which rotates and pushes the release bearing against the diaphragm spring ®ngers. The diaphragm spring pivots on a fulcrum ring which is riveted onto the cover and the clamp force is subsequently reduced. The cushion spring (in the friction disc) and the straps pull back the pressure plate from the friction disc. The reducing friction torque permits a progressive braking of the torque transmitted by the engine through the¯ywheel to the driveline. The engagement process is similar to the disengagement process and occurs when the driver decreases the applied pedal force to zero.
The clutch judder model

Inertial elements
The model of the clutch engagement, built in order to study the take-up judder problem, is a multi-body non-linear dynamic model. The parts incorporated in the model are listed in Table 1 .
The clutch pedal cable is de®ned by two separate parts; one is considered to be the connection to the lever, called cable_lvr,and the other is the attachment to the clutch pedal quadrant and is referred to as cable_qua. The translational motion of the two ends of the cable are coupled with a 1:1 ratio, using a motion coupling constraint function. The combination of translational and rotational motions between the cable (at the lever end) and the housing cannot be directly represented by any type of joint. In order to represent the real displacements, a dummy part which acts like a guide for the cable, called cable_guide, has been introduced between the cable and the housing.
The diaphragm spring is not considered as a part. It is modelled as two non-linear forces described in Section 4.3 and a coupler de®ned in Section 4.2.
The model contains the mass and inertia of all the parts. For the purpose of modelling the engagement process and studying the torsional vibrations of the clutch, the mass is signi®cant only for the parts subjected to translational motion. The masses of the parts considered ®xed to the ground or having only a rotational motion are not used in the simulation. Their values are stated only for information (speci®ed in Table 1 in parentheses).
The parts subjected to torsional motion are characterised by their inertia. The inertia of the dierential has to be reduced to the input shaft of the gearbox according to the ®rst gear ratio of 3.89 using the following relation where J is the inertia, J red the reduced inertia at the input shaft of the gearbox and i gbx is the ®rst gear ratio.
The inertias of the road wheels and of the vehicle are also reduced to the input shaft using the ®rst gear ratio i gbx of 3.89 and the dierential ratio i dif of 4.11, using the equation
For torsional dynamic analysis, the inertia of the gearbox is divided into two parts. The inertia of the ®rst part, representing 1/3 of the total inertia of the gearbox, is included in the inertia of the input shaft. Therefore, the part called gearbox has only 2/3 of the whole inertia of the gearbox. The motions of inertial parts in the model introduce dierential equations of motion which are formulated by the Lagrange's equation for constrained systems. The constraints, themselves, introduce a number of non-linear algebraic functions.
Constraints
In multi-body formulation, constraint functions have to be formulated in order to assemble the mechanism. For this purpose the constraint functions, in the form of joints and joint primitives have to be chosen in a manner to ensure the designed functional assurance of the clutch and driveline system. For the clutch connected to the studied driveline and subjected to torsional vibrations in the engagement process, the constraints which have been chosen for the model are described in Table 2 . The constraints are provided between two inertial elements, referred to as parts I and J. The constraint type indicates the type of joint. The number of constraints introduced by each joint is given in the table.
For the purpose of modelling the torsional vibration of the clutch, the friction disc and the hub are regarded as separate parts. The friction disc includes the rubbing surface on the¯ywheel side. The rubbing surface on the pressure plate side is considered to be ®xed to the pressure plate. Cable_guide
Ground ± ± ± ± Between the two friction elements there is a cushion spring with a non-linear stiness described in Section 4.3. The joints used in the model allow the same motion as in the actual clutch. To avoid creating an over-constrained model some joints may dier from the actual assembly, but the combination of modelled constraints ensures conformance to clutch system functional integrity. For instance, the real joint between the lever and the housing is spherical. However, the translation on the horizontal is also constrained by the curve±curve contact assurance constraints, described in Section 5. Therefore, the modelled joint between the release lever and the housing, avoiding a repeat constraint function is the cylindrical joint.
Translational motion occurs between the¯ywheel and the friction disc during the engagement process along the main axis of the clutch, as well as a rotation about the same axis. The joint which allows only these displacements is a cylindrical one. However, some of these constraints are also imposed by the joints of the¯ywheel and of the hub. Therefore, the model uses an inplane joint instead of a cylindrical joint between the¯ywheel and the friction disc in order to avoid repeated redundant constraint functions.
The diaphragm spring allows the pressure plate lift when the release bearing is pushed along input shaft through its contact with the articulating release lever. The relationship between the two motions is de®ned by the clutch manufacturer in the pressure plate``lift-o'' characteristics (as shown for a typical clutch in Fig. 3 ). The vertical axis gives the clamp load. In the model, the displacements of the two parts are connected by a coupler which is dependent on the diaphragm spring design. The coupling ratio, representing the displacement of the bearing versus the displacement of the pressure plate, can be obtained graphically from the characteristics provided by the clutch manufacturer. In the current model, a typical value of 4.6 for the coupling ratio is used. Note that the ®rst part of the characteristics is caused by the cover de¯ection due to its stiness. In this part the displacement of the bearing produces a very small displacement of the pressure plate which is ignored in the clutch judder model. The release lever articulates in the clutch bell housing. At its mid span, the lever has a¯at face which remains in contact with the cylindrical surface of the release bearing at all times. This is represented by a curve±curve constraint function.
The cable is connected to the pedal via the pedal quadrant. When the pedal is actuated, the cable surrounds the quadrant. This is represented by a rack-pin type coupling constraint.
The model speci®es two motions: the release motion of the pedal and the rotation of the¯ywheel. The release motion is transmitted in the engagement process to the quadrant, cable, lever, release bearing, pressure plate and to the friction disc material which, in the model, is attached to the pressure plate. It starts at the position, where the pedal is totally depressed. The displacement of the pedal takes 5 s, allowing a translational displacement of the pressure plate by 4.5 mm. The engagement starts only in the last 0.7 mm of the pressure plate travel, when the cushion spring is compressed and the induced clamp load produces the friction torque.
Before the engagement, the rotation of the¯ywheel is imposed by the engine torque. If no compliance is considered between the engine crankshaft and the¯ywheel, the rotational velocity of the¯ywheel can be considered to be constant. This is of course not the case in practice as reported by Boysal and Rahnejat [15, 16] and Rahnejat [17] . With this assumption, the engine torque M e1 is necessary only to overcome the damping torque c 1 h. Since in the model no damping is included between the engine and the¯ywheel no engine torque needs to be considered before the engagement process. Hence, the rotation of the¯ywheel can be de®ned by the initial angular velocity of the¯ywheel, with a value of 1000 rpm (for typical judder conditions).
After the engagement process, the rotation of all the parts between the engine and vehicle (considered as the inertia connected to the tyres) is imposed by the engine torque.
The aim of the model is to study the take-up judder, so it does not need to include the process that occurs after engagement. In order to account for a typical 20% reduction in the¯ywheel speed during the engagement process, the model considers that the inertia of the crankshaft is large, so that the combined inertia of the crankshaft and¯ywheel is higher than the total inertia of the driveline.
Force elements in the model
The model is subjected to forces and torques listed in Table 3 . The clamp load is produced by the compression of the diaphragm spring, and acts on both ywheel and pressure plate surfaces by means of the cushion spring. The relationship between the compression of the cushion spring and the force created is de®ned by a non-linear stiness. This non-linear stiness characteristic is usually provided by the clutch manufacturer.
In order to model the cushion spring stiness, a spline curve is employed. The model of the cushion spring characteristics, therefore, uses a matrix obtained from the points on the curve. The corresponding force developed in the model during the translation of the pressure plate is shown in Fig. 3 . The characteristics show that in the model the force is developed only in the last 0.7 mm of the pressure plate travel that occurs when the pedal is released from the maximum travel, representing the real compression of the cushion spring.
The diaphragm spring can be modelled as two translational forces: a non-linear force that is applied between the pressure plate and the cover, and a non-linear force that is applied between the release bearing and the cover. The straps have a constant translational stiness, given in Table 3 .
The release force characteristics show the relationship between the displacement of the pressure plate and the release force developed by the diaphragm spring ®ngers. The release characteristics, as well as the pressure plate lift-o characteristics, have two distinct regions. In the ®rst region, the release force increases from an initial value of 50 N to its maximum value which is around 1000 N. The displacement of the release bearing has practically no in¯uence on the displacement of the pressure plate. The former's displacement is caused by the stiness of the diaphragm spring's ®ngers, as well as by the displacement of the contact point between the diaphragm spring and the cover multiplied by a lever ratio. This is due to the cover stiness (given in Table 3 ). Since this phenomenon does not aect the friction torque, the release load is therefore, not included in the model.
The main shaft of the gearbox, the driveshaft, the rear axle halfshafts and the tyres are de®ned as linear torsional spring dampers. Typical values of these are presented in Table 3 . As no damping values for these structural elements are included in the model, higher take-up torsional vibration amplitudes but at the same frequency as in the real system are expected.
The characteristics of the springs mounted in the friction disc are usually provided by the clutch manufacturer. The characteristics show two levels of stiness. In order to represent these, the model includes a torsional torque which is dependent on the relative angle h between the friction disc and the hub and is de®ned as follows: where M is the torque, k 1À the torsional stiness of the torsional springs (situated between the friction disc and the hub) on the negative side of the characteristic curve, when the angle varies between zero and h À , and k 2À is the torsional stiness on the negative side of the characteristic curve when the angle is smaller than zero. k 1 and k 2 are the corresponding values on the positive side of the characteristic curve, h À and h are the angles where the characteristic changes. The values of all four stiness components and both angles are de®ned as input values for the model. For the description of the friction torque M f one has to take into consideration the integration errors that occur when the relative angular velocity between the¯ywheel and the friction disc, x, becomes zero or negative. To alleviate this integration problem a friction model based on Karnopp [8] is employed. This consists of de®ning a slope which corresponds to the stiction region, as previously described. The slope s applies when the relative angular velocity between the¯ywheel and the friction disc is above a certain value, de®ned by x 0 . Noting that the maximum value of the friction torque cannot be higher than the engine torque M e , the function used for the analysis is de®ned as
where M f is the friction torque, M e the engine torque, x the relative angular velocity between thē ywheel and the friction disc, R the mean friction contact radius, l the coecient of friction and F n is the clamp load. The friction torque, given by the clamp load R Ã l Ã F n , is multiplied by 2 because there are two friction surfaces. The friction radius R, the coecient of friction l and the maximum engine torque M e are input data to the model.
The slope s is de®ned as
The disadvantage of using this function is that the slope s, which depends on the stiction limit of the relative angular velocity behaves like a torsional stiness so that after coupling of the friction disc and the¯ywheel the common velocity exhibits an oscillatory response. The amplitude of this depends on the value of x 0 .
Friction characteristics
Dierent l±v characteristics have been measured experimentally for four types of friction lining materials. The speci®c material types cannot be stated due to commercial con®dentiality. A polynomial ®t of the following form has been employed:
where l is the coecient of friction, c 1 Y c 2 Y c 3 and c 4 the coecients and v is the relative velocity between the two surfaces at the friction radius, measured in m/s. In the current model, the value of the coecient of friction is introduced in the friction torque function as being dependent on the relative angular velocity between the¯ywheel and the friction disc and the mean friction radius R. Table 4 below lists the aforementioned coecient in Eq. (8) for the four tested friction lining materials.
Degrees Of Freedom in the system model
The number of Degrees Of Freedom (DOF) of the multi-body model is obtained, using the Gruebler±Kutzbach expression as DOF 6parts À 1 À constraintsX 9
The system has 21 parts, listed in Table 1 . The number of constraints in the model is 113, listed in Table 2 . Therefore, using Eq. (9), 7 degrees of freedom result. These are the angular displacements of the¯ywheel, friction disc, hub, gearbox, dierential, wheels and the fore-aft motion vehicle body. The crankshaft, clutch cover and pressure plate have the save displacement as the¯ywheel.
The translational displacement of the actuation trains formed by the pedal, quadrant, cable, lever, bearing and pressure_plate is not an independent motion because it is governed by motion statement de®ned in Table 2 at position 27.
Method of formulation
The model is represented by a set of dierential±algebraic equations (DAE). The dierential equations of motion for each part in generalised co-ordinates, fq k gY k 1±6, are obtained by Lagrange's equation for constrained systems as d dt
where fq k g k1±6 fxY yY zY wY hY /g T X
The dierential equations can be reduced to ®rst-order. This has been proven to yield an identical solution to the original constrained DAE [18] . Thus:
The n constraint functions for the dierent joints, joint primitives, couplers and motions listed in Table 2 are given as holonomic or non-holonomic constraint functions as
The set of DAE are represented in a matrix form as Coecients for l±v characteristics of dierent linings where J is the Jacobian matrix, fu k Y q k Y k k Y 5 k g T the required solution vector in all small time steps, dt, and fF q k g T is the vector of applied forces. The Jacobian matrix is of the following form:
The solution procedure is fully described in Refs. [17, 19] . Fig. 4 . Engagement process for friction material A. Fig. 5 . Engagement process for a material similar to A but with a constant coecient of friction l 0X3663. Fig. 4 shows the engagement process for the friction material A. Note that as the engagement process occurs the¯ywheel rotational speed is reduced due to the increased coupled inertial. The driven inertia (the drivetrain to the rear wheels and including the vehicle body) exhibits an increase in its angular velocity with an initial oscillatory behaviour, known as judder. The period of oscillations is 7 Hz. The amplitude of oscillations has a lower value in Fig. 5 , where a theoretical material with a constant coecient of friction with the same value of c 4 is used. This indicates some damping in the model for the friction material A, which is inherent in the experimentally obtained data. Therefore, this material reduces the risk of judder. Fig. 6 shows the self-excited vibrations that occur in the engagement process using the friction material B. Between the four friction materials tested in the model this material indicates the worst judder problem, owing to a negative slope for l±v characteristics. The initial oscillations at 7 Hz give way to a growing amplitude and the introduction of other self-excited frequencies. It is also observed that the damping eect is only but very gradual. When such conditions occur, the increased amplitude of oscillation is felt by the driver as a tactile sensation under the foot, often accompanied by a fore and aft motion of the vehicle body. Figs. 7 and 8 , corresponding to the use of friction lining materials C and D, exhibit acceptable take-up oscillatory behaviour. In fact both these materials exhibit positive gradients for l±v characteristics. These results corroborate on-vehicle testing at Ford and are in-line with the ®ndings in Refs. [1, 4, 10, 13] .
Simulations results and discussion
